ME 8043114 Automatic Control

Lecture 2: Solution to ODEs via Laplace Transform
Modeling Electrical and Mechanical Systems

Dr. Shadi M. Munshi Dr. Badr AlOufi

E-mail: smmunshi@uqgu.edu.sa E-mail: baawfeyv@uqu.edu.sa

t Umm Al-Qura University
College of Engineering & Islamic Architecture
Mechanical Engineering Department

3% gkt
| 9%
e


http://uqu.edu.sa/
mailto:smmunshi@uqu.edu.sa
mailto:smmunshi@uqu.edu.sa

Lecture Outline

= ODE Solution using Laplace transform
= Modeling electrical and Mechanical
Systems

# Umm Al-Qura University
t College of Engineering & Islamic Architecture
/) Mechanical Engineering Department



http://uqu.edu.sa/

Course roadmap

Modeling Analysis Design
2L aplace transform Time response :
: Design specs
* Transient

Transfer function « Steady state
Root locus

Models for systems E> Frequency response |:> Frequency domain

* electrical - Bode plot

* mechanical

* electromechanical Stability PID & Lead-lag
* Routh-Hurwitz

Linearization * Nyquist BEEID Sxapies

N t /

Matlab simulations & laboratories

"3 7 Umm Al-Qura University

He¥1 College of Engineering & Islamic Architecture

W Mechanical Engineering Department



http://uqu.edu.sa/

Laplace transform (review)

= One of most important math tools in the course!
= Definition: For a function f(t) (f(t)=0 for t<0),

F(s) = L{f(O} = [ f(t)elde

0

(s: complex variable)

f(t)M A7 =
£ K

0 >

= We denote Laplace transform of f(t) by F(s).
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Laplace transform table

f(t) F(s)
L
1 Inverse
tu(t _
() _14‘-’7—21 Laplace
t"u(t) L Sf_[_ I Transform
—at 1
e« u(t) s+a
. )
sin wt - uw(t) 22
S
cos wt - u(t) S22
—at 1
te” “u(t) (sFa)2 (u(t) is often omitted.)
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Advantages of s-domain (review)

= We can transform an ordinary differential
equation into an algebraic equation which is
easy to solve. (This lecture)

= |t is easy to analyze and design interconnected
(series, feedback etc.) systems. (Throughout the
course)

= Frequency domain information of signals can be
dealt with. (Lectures for frequency responses:
after midterm)
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An advantage of Laplace transform

= We can transform an ordinary differential
equation (ODE) into an algebraic equation (AE).
t-domain s-domain

f—_

A A
7z _-"\: N
£
[Cooe |55
, li:_l Partial fraction
Solution to ODE | - @ expansion
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/ Example 1 (distinct roots) \

ODE with initial conditions (ICs)

d?y(t) dg(f)
dt?

+3— L4 2y(t) = 5u(t), y(0) = -1, ¥'(0) =2

1. Laplace transform

/ . g >
s2Y (8)—=sy(0)—y/'(0)+3 {sY (s) — y(0)}42Y (s) = .
c {y”(t)}- % {y’(fi)}

o — g2 — s+ 5
\ => Y(s)= s(s + 1)(s + 2) «— distinct roots /
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Properties of Laplace transform
Differentiation (review)

L{f'(t)} =sF(s) - f(0)

t-domain

| c £ £
1@ | 5f(s)- £(0) 7' | s{sF(s)- f(O)}- 10
o .é .6 e.{j(@) fl0)}-110)

s-domain
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/ Example 1 (cont'd)

2. Partial fraction expansion ‘/‘/ur}knowns
- -8+5 B C

Y= D6+ §+s+1+s+2

Multiply both sides by s & let s go to zero:

H‘

sY(s)l,_g=A+ S

e ~,+2‘ D A=Y ()=

Similarly, B

o *

| I
I e———
L=~ = -
+ +
e R
L
A,
L
T
:F._.._
1
|
LR
|

™

5
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/ Example 1 (cont'd)

3. Inverse Laplace transform

If we are interested in only the final value of y(t), apply
Final Value Theorem:

| _t,:2—5+5
\ Ay = i s (s) = I e DG +2)

MO

. B ¢
L - -
s+1 s4+2
3
= v =| 3 +( 5)e '+ 2 e u(®)
g jj S’
A C
(You may omit u(t).)

™

_/
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/ Example 2 (repeated roots) \

ODE with initial conditions (ICs)

d3y(t)  _d2y(t)  _di (r) )
(;3 L a-_zi? +8700 pay(t) = 24(t), y(0) = ¥'(0) = ¥"(0) =0

1. Laplace transform

s3Y (s) = s%y(0) — sy/(0) — y"(0) «— £{y"(1)}
+5{s2Y(s) = sy(0) = ¢/(0)}  «—sc{y" (1)}
+82{s}”(s) —y(0)} +4Y(s)

ey — 2 Repeated roots
\ e s+ (s +27 /
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/ Example 2 (cont'd) \

2. Partial fraction expansion unknowns
// x
2
YOS GrneEDr T it et
To obtain A:
oo ittt ternt

(s4 1)} {S];.s—*—l—‘ .-1-|-(3-}-1)(5+2)2 .,_._]-H +1)5+2:5_w1 — A=2
To obtain B:

\(wz)?r(s}M (+2P]  ABHHACL, = B:—Q/

"3 7 Umm Al-Qura University
81 College of Engineering & Islamic Architecture
Wnk&“ Mechanical Engineering Department



http://uqu.edu.sa/

/ Example 2 (cont'd) \

2. Partial fraction expansion el s
A/A/ \
2

}()m(s+1)(b+2)2 .5+1 (a+2)2+a+2

To obtain C:
2
S+1—w+0);:w+8+@+e)
— -2 _As(s+2)
Take derivative (s +1)2  (s+1)2
= C=-2

Qet s go fo -2.
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/ Example 2 (cont'd)

3. Inverse Laplace transform

L A B C
}('ﬁ)_s+1+(5+2)2 542

H C

If we are interested in only the final value of y(t), apply
Final Value Theorem:

28
\ e Y = ) = O T e 22

™

:> y(t) = ( _?—I—( 2) P{_Qr—l— thr) u(t)
A

—
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Properties of Laplace transform
8. Frequency shift theorem (review)

L {e.'_“tf(t)} = F(s+ a)

t-domain

Proof. J e @)
Ti’f( )= e Il ﬁ f

=[5 [ it =Flso B

- ~ s-domain
EX.

- 1
f.{f.r Qf} (q+2)?

N Y

"3 7 Umm Al-Qura University
4 College of Engineering & Islamic Architecture
&/l Mechanical Engineering Department



http://uqu.edu.sa/

/ Example 3 (complex roots) \

ODE with zero initial conditions (ICs)

ffgi;(f) dj(f)

dt2 T2

+5y(t) = 3u(t), y(0) =0, y(0) =0

1. Laplace transform

s2Y (s) + 2sY (s) + 5Y(s) = 3

S
3
s(s? + 25+ 5) *—— Complex roots

\ ___/
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/ Example 3 (cont'd) \

2. Partial fraction expansion / ninowns
3 _ A, Bs+C

Y(s) = — +

s(s2+2s4+5) s s242s+5

To obtain A, B & C:

= A(s?+ 254 5) + s(Bs + C) a=?
= (A“‘B)SE‘F(QA-{—C)S-I—SA—%:O =) = =
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/~ Example3(contd)  \

3. Inverse Laplace transform

Bs+C

Vis)= ﬂ+ 2+ 23+ 5

1 Bs+C | _ _{[Bs+1)+C-B
¢ {32+25+5} =~ { (s+1)2+4 }

I

L s+1 C-B,. 2
Be {(ﬁ+1)?+4}+ 2 {(s+1)2+4}

| C -
Be~tcos 2t +
3

-1 ¢y S _ 3 tf 1
\ Y ()} = Z-ze (5052t+55m2t) /

I

“e~tsin2t
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Course roadmap
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Controller design procedure (review)

A Actuator

Controller

4. Implemenatjon

| Controller \ Mathematical model
—a=.__J4F

3. Design

2. Analysis

= What is the “mathematical model™?
= Transfer function
= Modeling of electrical & mechanical systems

# Umm Al-Qura University
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Mathematical model

= Representation of the input-output (signal)
relation of a physical system

Input -Physmal Output
system
l Modeling

= A model is used for the analysis and design of
control systems.
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Important remarks on models

= Modeling i1s the most important and difficult task
In control system design.

= No mathematical model exactly represents a
physical system.

Math model #= Physical system
Math model ~ Physical system

= Do not confuse models with physical systems!

= |n this course, we may use the term “system” to
mean a mathematical model.
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Transfer function

= A transfer function is defined by

Y (s) < Laplace transform of system output

G(s) =

R(s) ~— Laplace transform of system input

Y (s) = G(s)R(s)

R(s) G(s)

= A system is assumed to be at rest. (Zero initial
condition)
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Impulse response

= Suppose that u(t) is the unit impulse function
and system is at rest.

r(t) = §(t) oo g(t)
R(s) =1

= The output g(t) for the unit impulse input is called
impulse response.

= Since R(s)=1, the transfer function can also be
defined as the Laplace transform of impulse

response:  G(s) := L {g(t)}
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/ Example: Newton's law \

., )
M drgﬂ = £(t) =[w]
F’ x(t)

We want to know the trajectory of x(t). By Laplace transform,
M (s?X(s) — s2(0) — 2/(0)) = F(s)

= X(s) = ; F(s) + I({)) 53)

’k J \ J
Y Y

(Total response) = (Forced response) + {initial condition response}

A A
- e N
\ = z2(t)="" ]Fﬂ-f]:*;g + 2(0)u(t) + ' (0)tu(t) /
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Translational mechanical elements
Mass Spring Damper

f(t) f(t)

4§ College of Engineering & Islamic Architecture
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/ Mass-spring-damper system \

f(t)
= Newton's law
Mz"(t) = f(t) — Bz'(t) — Kz(t)
* By Laplace transform (with zero initial conditions),

1
X(s) = -F'(s)
\ Ms? + Bs + K (279 order sysfy
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Ex: Mechanical accelerometer

—_ '=Car position

: : Accelerometer
1 < :

/}:ase

"3 Umm Al-Qura University
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/ Ex: Accelerometer (cont'd) \

= We would like to know how y(t) moves when unit
step f(t) is applied with zero ICs.

* By Newton's law

~ 2
Ui(?‘(f) + y(t)) = *bﬁ%(g — ky(t)
| 20 _ oy
LT dt2
" ’ M
My (1) + by (1) + ky(t) = = (1)

A
- y(s) = — 3 21 .,,]i=_1.2 1 2
L M Ms<+bs+k s Mg s+ (b/M)s + (k/M) s
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@( . Mechanical accelerometer (comt’m

= Suppose that b/M=3, k/M=2 and Ms=1.
= Partial fraction expansion

_ 1 1 1,1 1
Y(3) ==5— == ==fr=——= =
24+3s+2s 25 s+1 2(s+2)
* Inverse Laplace transform °
Q4f
y(t) = ' -—-é— 4 e — -;—63_?;) u(t) ggm
| i
Har
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ﬁutomoblle suspension systenﬁ

automobile { H

SUSDEHSIOI"’I
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ﬁﬁ\utomobile suspension systerh

{Mw:’{(t) = ~B(&}(1) - 15(1) - Ky(a1(0) - 2a(1)
Maeht) = 1) Bl #0) - Koo) - a() Ky

; Laplace transform with zero ICs

{ 311132):1(3) -_ —B(&Hl(s) - SXQ(S)} - Hl(}{- ( ) ¢ ( D
Mos2Xols) = F(s)- B(sXals) - sX1(s)) - Kn(Xals) - Xa(s)) - KoXa(s)
(.. Bst+Ky .
R T T
Gyls)

{ 1 Bs + hl |
s} = — F(s i
\ 2s) glfgﬂ-q-f?ﬁ-!ﬂ_-i-ﬁfg {f'i"‘.fg?-}-ﬂ +111+h 1(s) /
] E'.:E]:q.? j{ ]
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ﬂutomobile suspension (cont’dh

i

Btk
M2+ Bs+ K,
G1(s)

‘: »
- 1 ' Bs+ K, h
& 2(s) Mys? 4 Bs+ K1+, ( J+ﬁfzﬁg FB iK1k 1s) ﬁ L’,/
; ".._,’ — ]

Xqi(s) =

{73 LY, i:}kﬂij

}(/;" F X2 X1
%
WA —eo ety | =
_
- is‘transfer function in the
ﬂ?{f’k diagran 3 next lecture.
\M&m%}ﬂA@&

34
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Rotational mechanical elements

Moment of inertia Rotational spring Friction
torque -
W . JO @ 2 7O
Sweds 2 e
01(t) 62(t) 01(t) 6(t)

rotation angle ‘Z @

() = JO"(t)  r(t) = K(0;(t) - 6(t)) 7(t) = B(By(t) - 9(#))
_ — —— VPR
B(i323) 8 | (23533;3}

T(s) = Js*©(s) > T(s)=K(O1(5)-©2(s)) T(s) = Bs(O,(s) - Oy(s))
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K Torsional pendulum system \

o /)/ L

friction between
~~  bob and air

Z{, (t)
= Newton's law
JO"(t) = r(t) — BO'(t) — K0(t)

= By Laplace transform (with zero ICs),

N 206) _ 1
\ G(E) % T(:.g) o :}52 4+ Bs+ K (an order SySfeM

Umm Al-Qura University 7’\
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/ Rigid satellite \

Thrustor

 Broadcasting (( N 1
- Weather forecast T([') =J 9((
- Communication = Gs) O(s) _ DOUb

« GPS, etc. o VO mtegrator

/%) Mechanical Engineering Department TR

# Umm Al-Qura University
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~Models of electrical elements

Resistance Inductance Capacitance

I(t) I(t)

v(t v(t)B L

W(t) = Rz(t ( v(t) = Ldﬁ(t)%
| | Laplace L) =0

I(s

"3¢7 Umm Al-Qura University
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/ Modelling example \

———

R2 | v2(t) Output
T C
= Kirchhoff voltage law (with zero initial conditions)

v1(t) (Ry + 3?2) () + & f§i(r)dr
vo(t) = Roi(t) —|— [0 z(?‘)d‘r

= By Laplace transform,

Vi1(s) (R1 + RQ)I(S) + WI(S)
Va(s) RoI(s) + = o1(s)

Input v1(t)|

———

|

t Umm Al-Qura University
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/ Modeling example (cont'd) \

i(t ”IPD'F
Input V1(t)‘ (; R2 | v2(t) Output
T C

= Transfer function

_ Vo(s) _ Ro+3r
Gls) = ils) — (Ri+Ro)+¢
_ /[ RCstl | F
— ((R1+Ry)Cs+1

t Umm Al-Qura University
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Impedance computation

= Series connection

Z(s) = Z1(s) + Zo(s) rr— 21(s) .
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Summary

" @;on procedure to ODE'S]
'= Laplace transform

= Partial fraction expansion
= Inverse Laplace transform

= Modeling )
ing is an important task

= Mathematical model
= Transfer function
= Modeling of electrical and mechanical systems

= Modeling of electromechanical systems
= Stability of linear control systems
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Assignment

1) Solve the differential equation

d?x(t) dx(t)
dt? dt

X —

with the following initial conditions:
x(0)=x(0)=0

2) For the following G (s), transform the relation
C(s) = G(s)R(s) into the differential equation.

4 oS 60 — B R -
G(s) = 73 105 1 60 ()= ——— ki

i ---H Umm Al-Qura University
481 College of Engineering & Islamic Architecture
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Assignment

3) For the following circuit, find the transfer function from V;(s) to VZ@. If we
input a constant voltage 10V, what is the steady state value of the output

voltage? '
(Hint: Use @4 (t)2= 10-))?/1 (s) = 10/% then find the final value theorem for
v, (1)) —

t Umm Al-Qura University
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Assignment

4) For the following mechanical systems, obtain the transfer function from the
—_—————
input force f to the mass displacement y

t Umm Al-Qura University
College of Engineering & Islamic Architecture
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End of Lecture 2

% "; ’J Mechanical Engineering Department
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